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Abstract

Cooperative growth of pearlite is simulated for eutectoid steel using the multi-phase field method. The model considers diffusion of
carbon not only in c phase, but also in a phase. The lamellar spacing and growth velocity are estimated for different undercoolings and
compared with experimental results from the literature and theoretical results from analytical models. The important finding of this work
is that carbon diffusion in ferrite and growth of cementite from the ferrite increase the kinetics of the pearlitic transformation by a factor
of four as compared to growth from austenite only, which is assumed by the classic Zener–Hillert model. This growth mode therefore
must be considered to be the dominating growth mode and it explains at least some of the differences between experiment and theory,
where diffusion in ferrite is excluded.
� 2006 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction

The phase field method has proved to be a useful numer-
ical tool to calculate the lamellar microstructure during
eutectic solidification processes. In this paper, the method
is applied to eutectoid transformation in the solid state.
Analytical models of pearlite transformation and eutectic
solidification are first reviewed and compared with each
other.

Pearlite transformation is a well-known eutectoid trans-
formation, where one parent phase decomposes into two
solid phases simultaneously. It is similar to eutectic solidi-
fication, except for the phase state of the parent phase. The
parent phase in the latter is liquid; in the former it is solid.
Both transformations can lead to a lamellar microstruc-
ture. So far analytical models [1–3] have been suggested
for the lamellar growth mode for either transformation.
Three parameters are required to describe the formation
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of a lamellar structure, namely undercooling, lamellar
spacing and growth velocity. Analytical models for both
transformations differ in the thermal situation. While in
the case of pearlitic growth the Zener–Hillert model [1,2]
considers an isothermal situation, the Jackson–Hunt model
[3] for eutectic solidification deals with directional solidifi-
cation conditions. In the Zener–Hillert model, the growth
velocity is free to adjust and undercooling is fixed. Jackson
and Hunt applied the analytical solution from Ref. [2] to
the growth conditions of eutectic growth in a temperature
gradient, where the velocity is fixed by the growth condi-
tion and undercooling is free to adjust.

Concerning the velocity v of cooperative growth in
pearlite transformation, Zener and Hillert derived the fol-
lowing equation as a function of lamellar spacing:

v ¼ ð2Dc=f af cmÞfðCc=a
e � Cc=cm

e Þ=ðCcm=c � Ca=cÞg
� ð1=kÞð1� k0=kÞ ð1Þ

where Dc, f a and f cm represent carbon diffusion coefficient
in c phase (cm2/s), volume fraction of a phase and volume
fraction of cementite, respectively. C a/c and C cm/c represent
rights reserved.
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Fig. 1. Relationship between spacing and undercooling according to
analytical models.
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the carbon concentration in a phase and in cementite at the
eutectoid transformation interface at a given undercooling,
respectively. Cc=a

e and Cc=cm
e represent the carbon concen-

tration in c phase in front of a phase and in front of
cementite, respectively. The subscript e denotes equilib-
rium. k0 denotes the lamellar spacing where all energy is
consumed for the formation of interfaces, i.e. k0 = 2rVm/
DG. Here r, Vm and DG represent surface energy (J/m2),
molar volume (m3/mol) and change of total free energy
(J/mol), respectively. If a criterion is assumed that a system
transforms at maximum velocity, Eq. (1) reduces to Eq. (2)
under k = 2k0:

v ¼ ðDv=2f af cmÞfðCc=a
e � Cc=cm

e Þ=ðCcm=c � Ca=cÞgð1=kÞ ð2Þ
The term ðCc=a

e � Cc=cm
e Þ=ðCcm=c � Ca=cÞ is proportional to

the reciprocal lamellar spacing. Consequently velocity is
approximately proportional to 1/k2.

If the deviation of the actual transformation tempera-
ture from the eutectoid temperature is small, DG is
expressed approximately as DH · DT/TE, using the latent
heat of pearlite transformation (DH) and the eutectoid tem-
perature (TE). The relationship between undercooling and
lamellar spacing is given by Eq. (3) using k = 2k0 and
k0 = 2rVm/DG:

DT ¼ 4rT EV m=DHð1=kÞ ð3Þ
In the case of eutectic solidification, Jackson and Hunt

[3] derived the following equation for lamellar growth:

DT =m ¼ Qvkþ a=k ð4Þ

where m, Q and a are constants. If the criterion is assumed
that a solid grows at minimum undercooling, which corre-
sponds to the maximum growth criterion in pearlite trans-
formation, Eq. (4) reduces to Eqs. (5) and (6):

DT ¼ 2mað1=kÞ ð5Þ
v ¼ a=Qð1=k2Þ ð6Þ

Figs. 1 and 2 show the relationship between lamellar
spacing and undercooling and between lamellar spacing
and growth velocity. It is revealed that both pearlite trans-
formation and eutectic solidification have similar relation-
ships among the three parameters. Here two important
things must be kept in mind. One is that these analytical
models are based on the diffusion-controlled mode and
the other is that they consider diffusion in the parent phase
only.

Fig. 3 shows a schematic phase diagram of the Fe–C
system related to the pearlite transformation. Here an
undercooling of 50 K is supposed as an example. Dotted
lines mean extrapolated lines of Ae3, Acm and solubility
line of a phase in c phase. It is obvious that during
isothermal transformation of pearlite with constant under-
cooling, there are concentration differences in both c
phase and a phase. These concentration differences create
a driving force for diffusion in both phases as illustrated in
Fig. 4. It is likely that diffusion in the a phase has a con-
siderable influence on transformation behavior because
the carbon diffusion coefficient in a phase is much larger
than that in the c phase. Therefore diffusion in both
phases should be taken into consideration in order to sim-
ulate pearlite transformation. The importance of carbon
diffusion in ferrite was first pointed out by Onsager in
1948 [4], and Fisher [5] calculated in 1959 a growth rate
7 times faster by this transformation path than by diffu-
sion in austenite only. However, since the diffusion data
used by Fisher were doubted [2] and in an experimental
study by Mehl and Hagel [6] no evidence was found for
a tapered form of the cementite behind the growth front,
which should be characteristic for this transformation
path, the possibility of the transformation path by cement-
ite growth from ferrite was disregarded in further studies.
As an alternative, grain boundary diffusion was proposed
to explain the discrepancy between theory and experiment
[7].

The purposes of this study are to investigate complex
cooperative growth of pearlite transformation by a multi-
phase field model and to clarify the influence of diffusion



Fig. 2. Relationship between spacing and growth velocity according to
analytical model.

Fig. 3. Schematic Fe–C system related to pearlite transformation.

Fig. 4. Possible diffusion paths during transformation.
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in a phase. Regarding eutectic solidification, phase field
simulation has been performed for a variety of systems
[8–10]. However, so far, phase field simulations have not
yet been reported for pearlite transformation. Several fac-
tors make the simulation in the case of cooperative growth
during pearlite transformation complex. The lamellar spac-
ing in pearlite is usually smaller than that in eutectic solid-
ification. Typical undercooling of the transformation front
due to curvature therefore is of the order of 10–50 K
depending on the transformation condition, more than a
factor of 10 higher than during solidification under typical
casting conditions. This undercooling has to be balanced
by solutal supersaturation or thermodynamic driving force
acting on the interface to reach a vanishing net driving
force with vanishing kinetic undercooling (diffusion-con-
trolled transformation mode). As curvature undercooling
and solutal supersaturation are both subject to numerical
fluctuations, instabilities arise if the amplitude of the fluc-
tuations exceeds the time-averaged net driving force. At
present this problem can only be controlled by selecting
an appropriate value of the interface mobility (see below).
A further problem is the large difference in carbon content
between the cementite phase and ferrite or austenite, which
causes a disparity in the interplay between diffusion and
growth of both sides of the interface. All these factors ham-
per the numerical stability of the interface. An implicit
solution scheme to tackle these problems at present is not
available due to the high nonlinearity of the coupled phase
field/diffusion problem.



Fig. 5. Data used in simulations. Diffusion data from Ref. [16].
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2. Multi-phase field model

The multi-phase field model is an extension of basic
phase field concepts to the interactions of multiple phases
[11]. We give a brief description of the basic equations.
Considering a system of N phases, a set of field variables
Ui (i = 1, . . ., N) is introduced to describe the distribution
of each phase in time and space. In the bulk of one phase
i, Ui is equal to 1. Within an interface between phase i

and j, Ui + Uj = 1 (Ui < 1, Uj < 1) holds. In general, the fol-
lowing constraint must be fulfilled everywhere:
X

Ui ¼ 1 ð7Þ

The microstructure evolves according to a decrease of
total free energy. By using thermodynamic principles, we
derive a set of multi-phase field equations [11]. In the case
of a double obstacle potential, the equations are as follows:

dUi=dt ¼
X

lij½rijfUjDUi � UiDUj þ p2=ð2g2Þ
� ðUi � UjÞg þ p=g

ffiffiffiffiffiffiffiffiffiffi
UiUj

p
DGij� ð8Þ

for each phase field parameter Ui, where g, rij, lij and DGij

represent interface width (cm), surface energy (J/cm2),
interface mobility (cm4/J s) and free energy difference of
two interacting phases i and j (J/cm3), respectively. We con-
sider only the isotropic case and mobilities and surface
energies are identical for any i/j interface.

The equation consists of two terms. The first represents
interface curvature; the latter represents the thermody-
namic driving force. In our simulation, the thermodynamic
driving force DGij for each calculation step is calculated
using the carbon concentration ci from the previous calcu-
lation step as follows:

DGij ¼ DSijðT r þ mijðci � cr
i Þ � T Þ ð9Þ

where DSij, Tr, mij and cr
i represent transformation entropy

(J/K cm3), reference temperature (K), slope of a corre-
sponding line in phase diagram (slope of tangent given at
a reference point) and the concentration at a reference tem-
perature, respectively.

In the case of a single solute component, the diffusion
equation for the overall concentration c is expressed as fol-
lows [12,13]:

dc=dt ¼r �
X

UiDirci ¼r �
X

UiDirðkircÞ=
X

Ujkjr

� �n o

ð10Þ

where Di, ci and kir represent diffusion coefficient in phase i,
concentration in phase i and concentration ratio between
phase i and r, respectively. This equation corresponds to
the standard Ficks diffusion equation except for the inter-
face region. Within the interface region, we define weighted
fluxes of each component in each phase as seen in Eq. (11),
which defines total concentration as a sum over phase
concentrations ci. Eq. (12) denotes the concentration ratio
between interacting phases, which is calculated by Thermo-
Calc according to the parallel tangent construction under
the constraint of fixed phase fractions Ui:

c ¼
X

Uici ð11Þ
ci ¼ kircr ð12Þ

Phase field equations and diffusion equation are solved
explicitly by the finite difference method using Micress�

software [14].
The material applied for simulation is eutectoid steel

(Fe, 0.77 mass%). We focus in this study on cooperative
growth; nucleation is not treated. Initial lamellae are set
and their spacing is varied from 0.1 to 1.0 lm. Undercool-
ing is set to values of 10, 30 and 50 K. We consider two
cases, namely single diffusion path in c phase and double
diffusion paths in both c and a phases. As shown in
Fig. 5, surface energy is fixed as 1.0 J/m2 for all interfaces.
Diffusion data are based on the literature [15]. Cementite is
treated as stoichiometric. The most difficult task is to
adjust the interface mobility of the phase field to ensure a
diffusion-controlled transformation mode. As the thin
interface correction scheme developed by Karma [16] is
not yet worked out for finite diffusion in both components,
interface mobility was chosen as high as possible but still
avoiding instabilities of the interface. The mobilities used
for the c/a and the c/Cem interface are two orders of mag-
nitude higher than the values for interface mobilities in the
mixed-mode transformation model of Krielaart and Van
der Zwaag [17]; thus they can be used to approximate the
diffusion-controlled mode. The maximum allowable value
for the a/Cem mobility is three orders of magnitude smaller
due to the instabilities arising from the large difference in
equilibrium content of carbon between these two phases.
The difficulty in selecting an appropriate interface mobility
spoils the quantitative comparison of the simulation results
with both theory and experiment. However, since the val-
ues were kept similar in all simulations, the difference in
transformation mode, including or neglecting diffusion in
ferrite, can clearly be deduced from the simulations. Earlier
it was demonstrated by direct comparison of phase field
calculations, using Micress�, with the commercial code
Dictra that the diffusion-controlled transformation mode
can be reproduced quantitatively in close to equilibrium sit-
uations [18].
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3. Results and discussion

3.1. Influence of spacing on lamellar formation

As shown in Fig. 2, the analytical model reviewed above
revealed the dependence of the velocity of cooperative
growth upon lamellar spacing in pearlite transformation.
This means that the growth velocity cannot be determined
uniquely at a given undercooling condition, but there is a
range of possible spacings. At first we investigated the
selection of lamellar spacing by using our multi-phase field
model in order to verify this fundamental behavior. Repre-
sentative results are shown in Figs. 6 and 7. Each figure
exhibits the microstructure and its carbon concentration
field after 2.8 s of growth, respectively. Undercooling is
30 K and diffusion is considered only in c phase. The sim-
ulation starts with two seeds of cementite in a ferrite layer
at the bottom of the calculation domain. Initial concentra-
tions were set to the equilibrium values. The initial tran-
sient to steady-state growth results in a small dip in the
cementite structure, which has no physical meaning. Simi-
lar behavior was found for all undercooling conditions and
Fig. 6. Comparison of microstructures at time of 2.7 s for different
spacings in the case of diffusion only in c phase and DT = 30 K.

Fig. 7. Comparison of carbon concentration fields at time of 2.7 s for
different spacings in the case of diffusion only in c phase and DT = 30 K.
diffusion paths. From left to right, initial lamellar spacings
are 0.15, 0.25 and 0.4 lm, respectively. As seen in these fig-
ures, in the case of the smallest spacing, which has the larg-
est curvature at the transformation interface, the a phase
overgrows cementite and a lamellar structure cannot
evolve. Medium spacing exhibits the highest growth veloc-
ity (evaluated from the position of the pearlitic front and
the time). It is obvious that the growth velocity decreases
with increasing spacing, although the carbon concentration
difference in the c phase, which drives the diffusion from a
phase to cementite through the c phase, increases ahead of
the transformation interface. The velocity of cooperative
growth is determined by the combination of two factors.
One is the diffusion distance from a phase to cementite
where the shorter distance promotes a higher growth veloc-
ity. The other is curvature effect where a higher curvature
slows down the growth velocity because it reduces the car-
bon concentration difference according to the Gibbs–
Thomson effect.

The results of the phase field simulations for
undercoolings of 30 and 50 K are plotted as square sym-
bols in Fig. 8. The cross indicates a lamellar structure not
being stable for this condition. Due to the high computa-
tional cost of the simulations only a limited number of cal-
culations per case were possible. This seems, however,
sufficient to prove the overall trend. From investigations
on eutectic growth [19] it is also well known that a whole
band of growth states is possible and the selection of the
actual growth state depends on the history of the system.
Because the focus of this work lies on the comparison of
the growth modes with and without diffusion in ferrite,
we do not attempt to find the absolute maximum of growth
speed.

The solid lines in Fig. 8 represent Eq. (1) based on the
Zener–Hillert model for undercoolings of 30 and 50 K. In
this model, diffusion-controlled mode is assumed and
diffusion is considered only in c phase. The simulation
results indicate a similar dependence of growth velocity
Fig. 8. Dependence of growth velocity upon spacing in the case of
diffusion only in c phase.
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on lamellar spacing as the Zener–Hillert model. However,
the growth velocity in the simulation always shows smaller
values than the model. This difference is attributed to the
value of mobility. While the analytical model is based on
an infinite mobility, a finite mobility is used in the phase
field simulations, which creates energy loss due to interface
friction.

Fig. 9 shows the relationship between transformation
temperature and reciprocal lamellar spacing. All experi-
mental results are quoted from Ridley’s summary [20]
based on literature data [21–24]. They indicate an almost
linear relationship except for the data at low temperatures.
Simulation results are plotted by adopting the lamellar
spacing which gives the maximum growth velocity for each
undercooling, and they show a similar trend. However, the
calculated values are smaller than the experimental obser-
vations. This discrepancy can be explained by two reasons.
The first reason is the value of the surface energy, because
the slope of the line depends on surface energy as recog-
nized from Eq. (3). From a fit to the experimental data,
the surface energy r is determined to be 0.94 J/m2 using
DH/Vm = 6.07 · 108 J/m3 [25]. In our simulations, 1.0 J/
m2 was set for r, which causes a smaller slope according
to the analytical prediction. The difference in surface
energy evokes about 30% of the deviations between exper-
iment and simulation. The second reason again is the finite
mobility used in the simulation. Other uncertainties like
diffusion coefficients or the neglected effects of transforma-
tion strain and strain due to inhomogeneous carbon
distribution will affect the agreement between the transfor-
mation kinetics in the simulation and reality. The treat-
ment of diffusion in ferrite, as described below, is only
one step towards fully understanding the pearlitic
transformation.
Fig. 9. Relationship between temperature and spacing.
3.2. Influence of the diffusion in a phase on the behavior of

cooperative growth

So far analytical models of cooperative growth of pearl-
ite have not considered the diffusion in the a phase. It is not
clear a priori how the diffusion in the a phase influences the
behavior of cooperative growth in pearlite. We executed
simulations with and without diffusion in the a phase
keeping all other conditions constant. Figs. 10 and 11 show
typical results for a microstructure and its carbon concen-
tration field, respectively. The left picture shows a snapshot
of the lamellar structure at 0.58 s for the case of diffusion in
both c and a phases. The simulated structure after 2.2 s of
growth shown in the right picture considers the diffusion
only in the c phase. Undercooling is set to 30 K and the ini-
tial lamellar spacing is 0.3 lm. The case of diffusion in both
c and a phases shows a growth velocity roughly four times
higher than that of diffusion in austenite only, as seen in
Fig. 10. Two differences in microstructure were found
Fig. 10. Comparison of microstructures calculated with different diffusion
paths in the case of DT = 30 K and k = 0.3 lm. Note that the time of the
snapshot differs about by a factor of 4.

Fig. 11. Comparison of carbon concentration fields calculated for
different diffusion paths in case of DT = 30 K and k = 0.3 lm.



Fig. 12. Dependence of growth velocity upon temperature.
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between these two pictures. The structure obtained for
double diffusion path has always a larger curvature, which
creates a smaller concentration difference of carbon in the c
phase ahead of the transformation as compared to the
structure obtained for diffusion in c only. A difference in
the shape of cementite is also noted. In the left picture,
lamellae are growing thicker into the a phase behind the
eutectoid transformation front until the final cementite
fraction is reached, because carbon is also supplied by
the diffusion through the a phase. It is obvious that in
the case of diffusion in both c and a phases, the diffusion
in a phase plays a dominant role for the kinetics of coop-
erative growth.

Fig. 12 plots simulation results of growth velocity
against transformation temperature in addition to experi-
mental results [22,26]. Each square symbol represents the
maximum velocity calculated for each condition. The line
is calculated using the Zener–Hillert model considering dif-
fusion in the c phase only.

In the case of diffusion only in the c phase, phase field
simulation and analytical model show similar behavior,
although the phase field simulations do not reach the veloc-
ities predicted by the model. The simulation with the dou-
ble diffusion paths in both c and a phases exhibits a larger
growth velocity than that with diffusion in the c phase only,
as mentioned above. However, the calculated velocities still
do not fully explain the experimental values. Therefore also
the influence of transformation strain, strain due to inho-
mogeneous carbon concentration and the influence of grain
boundary diffusion on the transformation kinetics should
be investigated in the future.

4. Conclusion

The evolution of a lamellar structure in the cooperative
growth of pearlite in eutectoid steel was simulated for
undercoolings of 10, 30 and 50 K, using the multi-phase
field method. The simulation results show a similar depen-
dence of growth velocity upon lamellar spacing as the
Zener–Hillert model, although the absolute velocity in
the simulations is always smaller because of the finite inter-
face mobility in the simulation. A linear relationship
between the transformation temperature and reciprocal
spacing was found in the simulation results and experimen-
tal data. It was revealed that during growth the cementite
shows a tapered profile when growing thicker from the fer-
rite, as proposed first by Onsager and Fisher [4,5]. This
gives clear evidence that diffusion in a phase has a consid-
erable influence on the kinetics of cooperative growth. Sim-
ulations with diffusion in both c and a phases show a
velocity four times larger than that with the diffusion only
in c phase. The strength of this effect comes from the high
diffusivity of carbon in ferrite compared to austenite and
from the large ratio of the ferrite/cementite interface area
compared to the austenite/cementite interface area.
Although there is some uncertainty in both the physical
value of the interface mobility and the diffusion data, we
conclude that diffusion in ferrite has a significant impact
on the kinetics of pearlite transformation and that growth
of cementite from the supersaturated ferrite is an impor-
tant, if not the dominating transformation mode in pearl-
itic transformation of low-carbon steel.
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